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GLOBAL EXISTENCE, LARGE TIME BEHAVIOR
AND LIFE SPAN OF SOLUTIONS
OF A SEMILINEAR PARABOLIC CAUCHY PROBLEM

TZONG-YOW LEE AND WEI-MING NI

ABSTRACT. We investigate the behavior of the solution u(x, t) of

% —-Au+w inR"x(0,T),
u(x’0)=¢(.x) in ]Rn)

where A= Y7, 52 /6}', is the Laplace operator, p > 1 is a constant, T > 0,
and ¢ is a nonnegative bounded continuous function in R” . The main results
are for the case when the initial value ¢ has polynomial decay near x = oco.
Assuming ¢ ~ A(1 + |x|)~% with 4, a > 0, various questions of global (in
time) existence and nonexistence, iarge time behavior or life span of the solution
u(x, t) are answered in terms of simple conditions on 1, a, p and the space
dimension n.

1. INTRODUCTION

In this paper we shall consider the following Cauchy problem
{ % —Au+w inR"x(0,7),

(1) u(x, 0) = p(x) inR7,

where A = Y1, 62/6,3,_ is the Laplace operator, p > 1 is a constant, 7 >
0, and ¢ is a nonnegative bounded continuous function in R”. Due to the
possible nonuniqueness of solutions of (1.1), we shall restrict our attention to a
certain class of solutions u(x, t; ¢) of (1.1); namely, those with the following
properties:

(1) u(x,t;9)>01in R"x (0, 7),

(i) u satisfies the integral equation in R" x [0, T'),

1 —lx—
u(x, t; 9) = mt—),,—,g/me g (y) dy

t
l 2
eyl a=s)yp .
+/o / @i —s)R° W(y,s; p)dyds.
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On the other hand, it is proved in [F, Proposition A.4] that if u satisfies (1.2)
and is bounded in R” x [0, T) then u is unique and is a classical solution of
(1.1);ie. ue CHY(R" x (0, T))NC(R* x [0, T)) and u satisfies (1.1). Since
all the solutions we are concerned with in this paper will be bounded in [0, 77]
for all T’ < T[¢] where

(1.3) T[e]=sup{T > 0|(1.2) possesses a nonnegative solution in R"x[0, T)}

is the life span of the solution u(x, t; ¢), we shall not distinguish the solution
of (1.1) and (1.2).

In 1966, Fujita [F] proved that if p < (n+2)/n, then T[¢] < co forall ¢ >0
and #0 in R", and in case p > (n+2)/n then T[gp] = oo (i.e. global existence
in time) if ¢ is bounded by ¢exp(—|x|?) where ¢ is a small positive number.
The case p = (n+ 2)/n belongs to global nonexistence and was settled later by
Hayakawa [H], and Kobayashi, Sirao and Tanaka [KST]. Different proofs have
been given by various authors including, for instance, Aronson and Weinberger
[AW] and Weissler [We]. Weissler also treated (1.1) in L?-spaces. We refer the
interested readers to a recent survey by Levine [L] for other related results.

In this paper an attempt to understand the behavior of the solution u(x, ¢; ¢)
while the initial value ¢ is not so small near x = oo is made. For instance
in case ¢ has polynomial decay near x = oo, say, ¢ ~ A(1 + |x|)™¢ where
both A and a are positive, we are interested in the question of global existence
and nonexistence, large time behavior or life span of the solution u(x, ¢; ¢) in
terms of A and a. Theorem 3.2 below gives a necessary condition for global
existence in terms of a and p and a sharp estimate of 7T[¢] in terms of A
and p as A — oo. In Theorem 3.8 a precise large time behavior, in terms of
a and n, of the solution u(x, ¢; ¢) is obtained for A sufficiently small when
global existence prevails. Finally, the behavior of T[p] as 4 — 0 is obtained
in terms of p, n,a and A in case of finite time blow-up. We hope that with
the aid of those results the “transition” from fast decay (in time) of u(x, t; @)
to slow decay as ¢ — oo, from global existence to finite time blow-up, and from
long life span to short lift span, is better understood.

Our main results are stated and proved in §3. Notations and technical lemmas
are included in §2, and §4 contains some concluding remarks.

2. PRELIMINARIES

The following notations will be used throughout the rest of this paper. First,
we denote by ugr the first eigenvalue of —A in By, the ball of radius R in
R”, with zero Dirichlet boundary value, and pg the corresponding positive
eigenfunction with |, B PR = 1. Then we set C,(R") to be the space of all
‘bounded continuous functions in R” and, for a >0,

1° = {!// € Cp(R™)|y > 0 and limsup |x|?y(x) < oo} ,

[x|—o00

I, = {u/ € Cp(R™)|w > 0 and llirlninflxl“l//(x) > 0} .
X|—00

For two functions f(r) and g(r), we say that f ~ g near r =0 (oo respec-
tively) if there exists two positive constants C;, C, such that C,f(r) > g(r) >
Cyf(r) near r = 0 (oo respectively). (Note that the variable r could also
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represent either x € R” or ¢t > 0.) The letter C denotes a positive generic
constant which may vary from line to line. We shall also use the usual notation
e’y to represent the solution of the heat equation with initial value ¢ ; i.e. if

K(x, t) = (4n1)~"2e=1x=7I*/4 denotes the heat kernel, then

(e%p)(x) = / K(x—y, )py)dy
R?

1 —x—

Then (1.2) takes the following form

(2.1)

t
(2.2) u(x,t) =eyp +/ ey (y, 5)ds.
0

The first preliminary result we need is a standard comparison principle which
will be used frequently in this paper.

Lemma 2.3. Suppose that f € C'(R) and u(x,t), u(x,t) € C>'(R*x (0, T))
NC(R" x [0, T)) are bounded in R" x [0, T'] forall T' < T. If u(x,0) >
u(x, 0) forall x e R" and
{E—Aﬂzf( ) inR*x(0,T),

u—Au< f(u) inR"x(0,7),
then u(x,t) > u(x,t) forall (x,t) € R" x [0, T). Furthermore, for any
@ € Cy(R") with u(x, 0) > ¢(x) > u(x, 0) in R", there exists a unique solution
u(x,t) e C2IR" x (0, T))NC(R" x [0, T)) of the problem

{ uy=Au+ f(u) inR"x(0,7),

u(x,0)=g¢(x) inR",

with the property that 4> u>u in R" x[0, T).

Remark 2.6. Lemma 2.3 is well known (see e.g. [AW] for the first half of this
lemma). It also holds in a more general setting allowing f to depend on x, ¢
and u, and for weak super- and sub-solutions of (2.4) which are unbounded but
satisfy certain growth conditions near x = co. We refer the interested readers
to [W] in which Lemma 2.3 is proved as a special case by using a maximum
principle in [Fr, Chapter 2, Theorem 9] and the monotone iteration method in
[S, Theorem 3.1].

Our next lemma is a variant of a well-known result of Kaplan [K]. The dif-
ference here is that we impose no boundary condition on u.

(2.4) Z

(2.5)

Lemma 2.7. Let u(x,t) be a nonnegative global solution of the equation u,; =
Au+uP in Qx [0, co) where Q is a bounded smooth domain in R" . Suppose
that u > 0 and p(x) > 0 in Q are respectively the first eigenvalue and the
first normalized (i.e. [, p = 1) eigenfunction of —A on Q with zero Dirichlet
boundary condition, then

(2.8) / u(x, Hp(x)dx < u'/®=Y forallt>0.
Q

Proof. The proof is almost identical to the original one. We include a sketch
with the necessary modifications here. As in [K], we set

w(t) = /Qu(x, t)p(x)dx.
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Then by Green’s identity and Jensen’s inequality we derive
(2.9) wy>wP —pw int>0.

Note that we have used the normalization of p, the nonnegativity of # and the
fact that 0p/0v < 0 on the boundary 9Q (where v is the unit outer normal
of 8Q). Then simple arguments show that global existence of w(¢), hence that
of u(x, t), requires that (2.8) holds for every t > 0. Q.E.D.

We shall also need the following estimates for the solution of the linear heat
equation. To simplify the notation we set

(2.10) I(t; ) = leyllLmn)

and
—imin{a,n} ;

(2.11) q(t;a,n)={t i wazn,
t~%logt ifa=n.

Lemma 2.12. (i) [/(t; w) = O(q(t; a, n)) near t = oo for every y € 1°.

(ii) q(t; a,n)=0((t; w)) near t =oc forevery y €1,.

(iii) t="/2 = O(I(t; w)) near t = oo for every nonnegative y # 0 in C,(R").
Proof. Since I(t; y) is bounded in ¢ > 0 if y € C,(R"), the comparison
principle Lemma 2.3 applies. To prove (i), we may assume, without loss of
generality, that w(x) = (1 + |x]?)~%/2. It is then not hard to see that e’Ay is
radially symmetric in x and (e“y)(0) = I(t; w) for t > 0. (The last asser-
tion follows from a symmetric rearrangement argument.) Thus straightforward
computation shows that

115 p) = (€0)(0) = (4r0) ™2 [ e VP14 |yP) o2 dy
.

oo
= Ct"‘/2/ e~ (1 + 1) 2V dr ~q(t; a, n)
0

as ¢ — oo, where the last estimate is obtained by decomposing the integral from
0 to oo into two integrals—one from 0 to 1 and the other from 1 to co—and
estimating them separately.
To establish (ii), again by a simple comparison argument, it suffices to con-
sider, for some R large,
(1+[x[)~%, |x| >R,

(2.13) t//(x)={0 <R -1

and y(x) = y(]x|) is linear in (R — 1, R) so that y is continuous in R”".
Observe that by a similar computation as above, it holds that

o0
I(t; ) 2 (e“y)(0) 2 Ct"'/Z/ e ML+ )T dr
(2.14) - R
~ t_"/2/ e—r/4trn/2—a/2—l dr ~ q(t; a, n)
RZ
as t — oo.

To prove (iii), observe that after a translation we may assume without loss
of generality that ¥ > 0 in a neighborhood of the origin, say, in B,;(0). Then

I(t; ¥) > (€®p)(0) > Cr2 / e~ WPA gy > Cpnl?
B;(0)

for ¢ large. Q.E.D.
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Lemma 2.15. Let y € Cy(R") be nonnegative and not identically zero. Then
there exists a positive constant & such that
(2.16) (€*y)(x) > 6K (x, 1)
for all x € R*. Moreover, for v € I,, there exists a positive constant & such
that

t+1

(2.17) (e DAy (x) > 6K (x, T) log(1 + 1)

forall t >0 and x e R".
Proof. First we prove (2.16). Suppose that ¥ > d; > 0 in B.(xp), a ball of
radius £ > 0 centered at xp, for some x; € R”. Let
o K(x -y, 2)
52 = lnf{ -—I(_(?,T
It is easily seen that J, > 0, and that for every x € R”, we have

@) 26 [ K=y, 21dy 2 80K, DI,
e (X0
where |B.(xg)| is the measure of B,(xp). Thus (2.16) holds.
We now turn to (2.17). For y € I,, by a comparison argument we may
assume without loss of generality that for some R > 0 large

(x) = { |x|~" for|x| >R,

vix = 0 for |x] <R-1,

and, y isradially symmetric and is linear in (R—1, R) so that y is continuous
in R". Using a similar computation as in (2.14) in the proof of Lemma 2.12(ii)
we conclude that there is a positive constant J such that (2.17) holds for all

t >0 and for all |x| <2R. It remains to consider (2.17) for |x| > 2R. For
|x] > 2R we have

(e+D8y)(x) = [4n(t + )] ( [+ ) (e WPl =n gy
R<yI<Ixl - JlxI<lyl

xeR*, y eBs(xo)} .

> C(t+2)"? (e""'z/('“’/ lyI=" dy
R

<Iyi<ix|

+/ e—lylz/(t+2)|y|—n dy)
IxI<lyl

S C(t + 2)-"e- W11+ ( / Sl dy
R

<IyI<ix|
1+2
+/ e~ (r +|x|?)"tdr
0

where r = |y|?> — |x|?. Since e~"/*2) > ¢~ for r € (0, t + 2), we obtain

2 2
(e D2y)(x) 2 C(1 +2) 72~ /1+) (log % +log oL |2xJ|r2|x| )

> C(t + 2)~"2e~XI/42) og (4 + t;—f)
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since |x| > 2R. Our assertion then follows from the observation that there
exists a positive constant y such that 4 + (¢ + 2)/R? > (¢t + 1)? for all ¢ >
0. QE.D.

We shall conclude this section by two technical lemmas. Let p > 1, a >0

be two constants. We define a; and A,(x,t), Kk =0, 1, ..., recursively as
follows: ap=1.

(2.18) g = af (4m) = pHmDT(p — 1 (pF - 1)

and

(2.19) Ae(x, 1) = aa? K (x, (¢ + 1)p~F)[log(z + 1)]¥*~De-D7"

Lemma 2.20. (i) There exists B > 0 such that a; > ﬂl’k forall k>0.
(ii) If p = (n+2)/n then we have

(2.21) /Ot X K(x-y,t=5)40(y,s)dyds > A1 (x, 1).
Proof. (i) First observe that a; < 1 for all k > 1. Setting & = p~*(—logay),
we assert that sup¢x < oo. Since
—log a1 = —plogay + log[4np™ (2= Dk(p*+1 — 1)(p — 1)71],
it follows that
&kt — & = p~F D log[dnpm+ (2= Dk(pk+1 _ 1y(p — 1)71].

Thus there exist two positive constants C;, C, such that 0 > & — & <
p~k+)(C 1k + C;) for all k > 0. This implies that

k 0o
Serr —C0=Y Emi1 —&m) < Y_pmMN(Cim + ) < 0,
m=0 m=0

and our assertion is established.
(ii) Straightforward computation shows that for £ > 0 we have

t
/OK(-,t—s)*Az(-,s)ds
t
=aia”k“/ K(-, t—s)*KP(-, (s + 1)p~%)[log(s + 1)@ ~De-17" gs
0
t
= (4n)‘1pk—n/2azap"“/0 K(-,t—5)

p(p*=1) (-1
K < s+ 1) [log(s + 1)}

, ds.
pk+! s+1

Next, note that
t+p ' >t —s+p s+ 1) > pF e +1)
holds for s € [0, ¢], it follows that
K(G,t—s)*K(,(s+Dp~* DN =K(,t—s+p* Y s+1))
S [p"‘“‘(t+ 1)
Tl t+pk!
> p=nk+ DK (L (¢4 1)pk-Ty .

n/2
] K(-, (t + Dp=*1)
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Therefore
/OIK(-, t—s)xA0(, s)ds
> (4m) !PT et K e+ D)
. /Ot(s + 1)~ [log(s + 1)@ =De-D"" gg

k+1 t+1 —
(47[) 1 kl —n/2)—n azap K <,, pk+|>(p_ l)(pk-H _ 1) 1

 [log(t + 1)]@*' ==~
= Agpy(-, ). QED.

Our second technical lemma is similar to Lemma 2.20. Again, let p > 1,
a > 0 be two constants. We define d; and Dy(x, t), k=0, 1, ..., recursively
as follows: dp=1,

(2.22) diey = df4~" 2= pHA=m2)=n(p _ 1)(pk+2 — 1)1,
and

(223)  Di(x,t) = dpa?'K (x, (’—:1> )[log(t+l)] P =Dp-17"!

And, we have

Lemma 2.24. (i) There exists n > 0 such that d > n?" forall k>0.
(ii) If p = (n+2)/n, then we have

t
@25 [ [ K-y, t-9)Dhv,9)dyds > Dea(x, 0.
0 JR"

Proof. The proof of (i) is almost identical to that of part (i) of Lemma 2.20,
hence is omitted here. Part (ii) can also be proved in a similar fashion as we
did in Lemma 2.20(ii). We shall include a sketch below. Since p = (n + 2)/n,
straightforward computation gives that

/tK(-, t—s)xDY(-, s)ds
0

Pt pk—n/2 s+ 1
- [k o [P ()

[log(s + l)]P(P’“rl -p-1~!

ds
s+1
k—n/2
k+1 p —n/2 —nlk+1)/2 l+1
>aP dllc’T [4 n/2p—n(k+1)/2g (.’ ppvE
t [log(s + 1)]P(Pk“—1)(l7-1)—' J
0 s+1 §

_pn ppRUmm2mn(p — 1) t+1
= k“qnl2g(pk+2 _ 1) " 4pk+t

-1

. [log(t + 1)]®*"*=1p=1)
= Dk+l(° > t) .
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Note that in the above derivation we have used the following estimates.
K(,t—8s)*xK(-, 4 'p7* s+ 1) =K(-, t—s+ 47 p~* (s + 1))
—1p,—k-1
> (4 D (t+1

t+4-1pk-1
> 42p=—nk+ D2 (. 4= 1p=k=l(t 4 1)) fors € [0, 1].
This completes the proof of (2.25). Q.E.D.

n/2
)> K(-, 4 'p~ 1t + 1))

3. MAIN RESULTS AND THEIR PROOFS
In this section, we consider the following Cauchy problem
Uy = Au + uf inR*x (0, 7),
{ u(x,0) =Ay(x) inR",

where p > 1, A > 0 are two constants, ¥ > 0 and ¥ # 0 is in C,(R").
As stated in the Introduction, we shall only consider the nonnegative solution
satisfying (1.2) and denote it by u(x, ¢; Ay). Our main concerns are the global
existence or nonexistence, large time behavior, and life span T[Ay] (defined by
(1.3)) of the solution. The first result contains a sufficient condition for finite
time blow-up in terms of the behavior of ¥ at x = oo and a sharp estimate
for the life span T[Ay] as 4 — o©.

Theorem 3.2. (i) T[y] < oo (i.e. setting A=1 in (3.1)) if

lim inf | [>/? =Dy (x) > u}/?7Y.
X—00

(3.1)

(ii) There exists A > 0, depending on p, n and y, such that T[Ay] <
for A> A and T[Ay]~A"?"V g5 A — c0.
Proof. (i) We shall apply Lemma 2.7 with Q = Bg. To this end, we assume
that T[y] = co. By the scaling property of eigenvalues and eigenfunctions we
see that ugr = u,R~2 and pr(x) = R™"p(xR~'), x € Bg. It then follows
from (2.8) that forevery 0 <e< 1,

1/(p—1) p—2/(p-1) :
U R 2/ YPR > ( inf u/(x))/ PR
: Br\B:r R>|x|2eR Br\B:r

- (Rszzw W(x)) /B.\Be o
Thus

(3.3) a7 (int xPOwn) [
Bl\Be

R>|x|>eR

for every R > 0 and ¢ € (0, 1). Now, for a fixed integer k, let R > k and
¢ = k/R. Then letting R — oo we obtain from (3.3) that

0-1 5 ( inf 1x[2/-D / — inf x|~V
a2 (jind 00y ) [ = inf L0y ).

Since this holds for every &, (i) is established.
(ii) It is clear that the existence of A is an immediate consequence of the
estimate T[Ay] ~ A~®~1) whose proof we now turn to. The lower estimate
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T[Ay] > CA~(P-1) s easily obtained by applying Lemma 2.3 to the pair of sub-
and super-solutions u(x, t) =0 and
(3.4) u(x, t) = [(AyllLo@n) 7" = (p - eV,

To derive the upper estimate, we first choose R so large that v # 0 in

Bgr. It then follows from Lemma 2.7 (with Q = Bg) that T[iy] < oo if

A> u,'(/(”_l)(fBR wpr)~!. (Thus we may choose A = u}{(‘"l)(fBR wpr)~! for

instance.) Next, we set
wo)= [ ulx, 13 4p)pa(x)dx
Bg
for 0 <t < T[Ay]. By Green’s identity and Jensen’s inequality (as in the proof
of Lemma 2.7) we obtain
{ w, > wP — pupw for t < T[Ay],

w(0) =4[z wpr>0.

Since it is clear that w, > w? — ugw > 0 for all ¢t € [0, T[Ay]) if A is large,
we deduce from (3.5) that

T[Ay] < /w( T(Ay}/2) dw C C

(3.5)

< .
w(0) wP — ppw ~ wp=1(0) A1
This finishes the proof. Q.E.D.

Remark 3.6. (i) If p < (n+ 2)/n, then we may take A = 0 in part (ii) of
Theorem 3.2 by previous works of Fujita, and others (see for instance [We]).

(i1) As a consequence of part (i) of Theorem 3.2 we see that all positive self-
similar solutions ¢~!/(P=Dy(x¢=1/2) of the equation in (3.1) (see [HW] for the
existence) must satisfy

S 2/(p—1) 1/(p—1)
(3.7) lim inf|.x| v(x) < p ,

and so do all the positive steady states of (3.1).
Our next result concerns the large time behavior of solutions of (3.1).

Theorem 3.8. Suppose that p > (n+2)/n and a > 2/(p—1). Then the following
conclusions hold.

(i) For every y € I4, there exists Ao > 0, depending on p, n and vy, such
that T[Ay] = oo for every A < Ag. Moreover, for A < Ag we have

(3.9) lu-, 13 A9y = O4(t5 @, m)) ast—oco.
(i1) For every w € I, with T[y] = oo, we have
(3.10) q(t5 a, n) = O(lu(-, t; ¥)|l ey @S £ = 00.
Proof. (i) We shall construct ¥ =0 and # with the following property
U >Au+w in R” x (0, oo0),
(3.11) { u(x, 0) > Ay(x) in R”,
lu(-, OllLo®n = O(q(t; a, n)) ast— oo.

Then Lemma 2.3 will guarantee that @(x, ¢t) > u(x, ¢t; Ay) >0 forall (x, )€
R" x [0, oo) and the proof will then be complete. To construct such a u, we
need to distinguish two cases: a >2/(p—1) and a=2/(p—1).
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Casel: a=2/(p—1). Since p > (n+2)/n,wehave n >2/(p-1)=a.
Thus ¢(t; a, n) ~ t71/?=Y near t = co. It was proved in [HW, Theorem 5]
that the equation in (3.1) possesses a positive self-similar solution #(x, t) =
t~Y/=y(x¢~1/2) with v(x) >0 on R” and lim,_ |[x[¥®Dv(x) > 0. Let
Ao be a positive constant such that v(x) > Agw(x) on R”. Then for 1 < Ay,
we have #(x, 1) =v(x) > Ay(x) and it follows that @(x, t+ 1) > u(x, t; Ay)
forall x e R” and ¢ > 0. Since

(-, t + 1)||Loogny = (£ + 1)"Y@=Dy(0) ~ ¢=1@=1 " for ¢ large,

we only have to set u(x, t) =#é(x,t+ 1) and % solves (3.11).
Case II. a > 2/(p — 1). In this case #(x,t) takes the form #(x,t) =
h;(t)e'*y where

1/(1-p)
(3.12) hl(t)= [/1"” _1 / ||eSAV/l|L°°(R" ] .

Since min{a, n} >2/(p-1),

o0
el ds < o

in view of Lemma 2.12(i). Therefore, for 1 < Ay where

00 1/(1-p
Ao=[2<p—1> /0 ey = ds] ,

hy(t) is well defined in [0, co) and there exists a constant & such that A;(z) >
e >0 for all > 0. This implies that %(x, ¢) is defined on R” x [0, co) with

(-, 2)l| Loomn) ~ ll€ Wl Lo rny = O(q(t; a, n))

near t = oo. It is clear that %(x, 0) = Aw(x). Finally, the conclusion that u
satisfies the differential inequality in (3.11) follows immediately from the fact

that
dhy
dt
which in turn may be verified by straightforward computation.
(ii) We set @(x, t) =u(x, t; y) and u(x,t) =e®y in R" x [0, co). Then
Lemma 2.3 implies that 7 > u in R” x (0, co0), and our assertion (3.10) follows
from Lemma 2.12(ii). Q.E.D.

Finally we come to the estimates of the life span T[Ay] as A approaches 0
in case u(x,t; Ay) blows up at finite time for arbitrarily small A > 0. First
we make the following observation for general initial value ¥ > 0 in Cy(R").

Remark 3.13. Let 0 < y € Cyp(R") and y # 0. Then from (3.11) it is clear
that T[Ay] > T; where [0, T;) is the maximal time interval for the existence
of u, i.e. that of h; in (3.12). Thus T, is given by

= lle®y |52t i it >0,

T;
(3.14) 0 =177 = [ ety d.

Since

lle*2w || LooRny < [|W ]| Lo ()
for all s >0, we deduce that T; > CA!™? - 00 as A — 0.
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Theorem 3.15. (i) Suppose that p = (n+2)/n and a > 2/(p —1) =n. Then
for every y € I,, there exists a constant C > 0 such that
C(1/A)p~1, ifa>n,

(3.16) log T[Ay] < { C(1/A)®=VIr ifa=n,

as A—0.
(i) Suppose that p < (n+2)/n or a < 2/(p —1). Then for every y € I,,
there exists a constant C > 0 such that

(3.17) T[Ay] < { C(1/A)M@-D-jmin{a,nh™ - jf g ot p,
. 774 IS - .

Cldler)o=0=2™ | ifa=n,
as A—0.

Proof. (i) First we treat the case a > n. Let w € I, and u(x,t;Ay) be
the solution of (3.1). Setting u(x,?) = u(x,t+2;Ay) for t > 0, we see
that %(x, 0) = u(x, 2; Ay) > (e?2iy)(x) > A0K(x, 1) for some § > 0 as
guaranteed by Lemma 2.3 and (2.16). Thus if we set u(x, ) = A0K(x,t+ 1)
for t > 0, then it follows from Lemma 2.3 again that u(x, ¢t + 2; Ay) >
A0K(x,t+1) in R" x [0, T[Ay] — 2). Note that Ay(x, t) =A0K(x,t+1) if
we choose o = A0 in (2.19). From the integral representation of # and (2.21)
we obtain

t
u(x,t+2;lc//)2/ Kx—y,t—s)u’(y,s+2;Ay)dyds
0 Jre

> /t K(x—y,t—s)A8(y, s)dyds
> A(;l’(xk, 1.
Iterating this argument yields that
ux,t+2;Ay) > Ag(x,t), fork=0,1,2,...,
and therefore by Lemma 2.20(i) it follows that
u(x,t+2;Ay)

(3.18) > sup{(0 Y K (x, (¢ + 1)p™)[log(z + 1" ~Ve=1"")
k

for (x,t) € R" x [0, T[Aw] — 2). For the right-hand side of (3.18) to be finite
at x = 0 it is necessary to have

AéBlog(t+ 1)/P=D < 1,
that is,

= () (1)

and (3.16) is established in the case a > n.
Incase a=n=2/(p—1),weset u(x,t)=u(x,t+2;Ay) and u(x,t) =
(Ae"+2Ay)(x). Then Lemma 2.3 and (2.17) together imply that

u(x, t+2;ap) > (Ael+4y)(x)

> 16K (x, ’—+—1) log(t + 1) = Do(x, 1)

4




376 TZONG-YOW LEE AND WEI-MING NI

in R”x[0, T[Ay]-2), since ¥ € I,. Applying Lemma 2.24 instead of Lemma
2.20 in argument above leading to (3.18) yields

ulx, t+2;Ay) > sup {(lén)”kK (x, %f")

(3.19)
- [log( + 1)]@“‘-1)(1’-')"} .

Similarly the finiteness of the right-hand side of (3.19) at x = 0 implies that
Adnlog(t + 1)?/?=1 < 1 which in turn implies (3.16) in the case a = n. This
completes the proof of part (i).

(ii) The proof of this part is easier. By Lemma 2.3, we may assume without
loss of generality that y is given by (2.13). Setting M = T[Ay]/2, we define

w()= [ K(x,M-tu(x,t;ly)dx forte[0, M].
]Rn
Since u must be radially symmetric and bounded, we have, for each ¢ € [0, M],
there exists a sequence r, — oo such that
max{K(x, M — t)|Vu(x, t; Ay)|||x| =rm} — 0
as m — oo. This, combined with Green’s theorem and Jensen’s inequality,
implies that
(3.20) w, >w? in[0, M],
and, by the computation in (2.14),
w(0) =1 | K(x, M)y(x)dx = (AeM*y)(0) > 2Cq(M ; a, n)
R"
for some constant C > 0. (Note that M — oo as 4 — 0 in view of Remark
3.13.) Integrating (3.20) from 0 to M, we deduce that

p—1
Mp-nwro<c(7) @ rorian.
Now (3.17) follows from the explicit form of g(M ; a, n) in (2.11) and the fact

that the function f(logt)~! is increasing for ¢ large. Q.E.D.

We should point out that the method used in handling part (i) of Theorem
3.15 is similar to the one in [H].
Our last result establishes a converse of Theorem 3.15.

Theorem 3.21. (i) Suppose that p = (n+2)/n and a > 2/(p — 1) =n. Then
for every y € 1%, there exists a constant C > 0 such that

cap=t,  ifa>n,
. >
(3.22) log T[Ay] > { C(l/i)(p—l)/P’ ifa=n,
as l—)o-

(ii) Suppose that p < (n+2)/n or a < 2/(p — 1). Then for every y € I°,
there exists a constant C > 0 such that

(3.23) TlAy] > C(1/a)Me=D-gmin{a.n )™ ifg % n,
. viz Cliply)110=D=02™ | ifa=n,

as A—0.
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Proof. From Remark 3.13 we know that (3.14) holds. Since w € I?, and
T; —» 00 as A — 0, by Lemma 2.12(i), we have

1\~ I N—
(Z) gc+C/l ey ey ds

T;
§C+C/ ¢*"'(s;a, n)ds
1

(3.24) cr~Crbmmnant - if minfa, n} <2/(p - 1)
anda#n,
< CT;_”(p_l)/z(log T,)»~', ifa=n<2/(p-1),
Clog T, ifa>n=2/(p-1),
C(log Ty)7, fa=n=2/p-1),

where C represents generic positive constants independent of A. (Note that
the first two cases in the last inequality correspond to (ii) while the last two
correspond to (i).) Since T[Ay] > T,; (by Remark 3.13), our conclusions follow
from (3.24) by straightforward computations. Q.E.D.

4. CONCLUDING REMARKS

In this paper we have only considered global existence or nonexistence, large
time behavior and life span of the solution u(x, ¢; Ay) of (3.1) for y with
polynomial decay and, for A sufficiently large or sufficiently small. Due to
the (possible) presence of steady states of (3.1) and their complicated structure
which depends on p and n, the same questions considered here for A of in-
termediate sizes are extremely interesting and must have very different answers.
Good progress has been made recently by X. Wang [W].
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